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Abstract 



We consider a certain class of unital simple stably finite C*-algebras which absorb 
the Jiang-Su algebra Z tensorially. Under a mild assumption, we show that the crossed 
product of a C* -algebra in this class by a strongly outer action of Z w or a finite group 
\ is ^-stable. As an application, we also prove that all strongly outer actions of 1? on 

• ■ Z are mutually cocycle conjugate. 
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1 Introduction 

The Jiang-Su algebra Z, which was introduced by Jiang and Su in [TU], is a unital, simple, 
J> ■ separable, stably finite and nuclear C*-algebra isTi^-equivalent to C. In Elliott's program 

to classify nuclear C* -algebras via i^-theoretic invariants (see [36] for an introduction to 
this subject), the Jiang-Su algebra plays a central role. More precisely, the recent progress 
of the program [48j [21] tells us that one can only expect i\-theoretic classification results 
£\j , up to instability, where a C*-algebra is called -Z-stable if it absorbs Z tensorially. One 

may view Z as being the stably finite analogue of the Cuntz algebra Ooo- 

It is then natural to study permanence of instability under taking crossed products. I. 
Hirshberg and W. Winter [8j showed that P-stability passes to crossed products by Z, R or 
compact groups provided the group action has a Rohlin property, where I? is a iTi-injective 
strongly self- absorbing C*-algebra. The second-named author [401 HI] showed instability 
of the crossed product A x Q Z for certain projectionless C*-algebras with unique trace 
and automorphisms whose extension to the weak closure in the tracial representation are 
aperiodic. The present paper generalizes this result and gives a positive solution to the 
question of permanence under taking crossed products in the following setting. Let A be 
a unital, simple, separable and instable C*-algebra such that A® B has tracial rank zero 
for any UHF algebra B. Let G be 7j N or a finite group. An action a : G rx A is said 
to be strongly outer if its extension to the weak closure in any tracial representation is 
outer (see Definition 12.71 for the precise definition). Under certain technical assumptions, 
we show that any strongly outer action a has the weak Rohlin property (Theorem 13. 4p . 
The weak Rohlin property, which was first introduced in [41] , is a variant of the Rohlin 
property (Definition 12 .7p . Usually the definition of the (tracial) Rohlin property for single 
automorphisms or group actions involves projections. However the C* -algebra A may 
not contain enough projections, and so we have to weaken the definition, that is, we use 
positive elements in place of projections. Then it will be shown that when A is further 
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assumed to be nuclear and satisfy the universal coefficient theorem, any action a : G rx A 
with the weak Rohlin property is cocycle conjugate to a® id: G rx A ® Z (Corollary 
14. 9p . In particular, the crossed product A x a G is ^-stable. It is also natural to ask if 
the class of C*-algebras under consideration is closed under taking crossed products by 
strongly outer actions of Z or a finite group. We give partial answers to this question 
(Theorems 15.31 15.8j) . With the aid of the classification theorem [48 1 [2Tj , we also prove the 
following (Corollary 15 .9H : Let A be a unital simple AH algebra with real rank zero and 
slow dimension growth and let a : Z rx A be a strongly outer action. Suppose that A 
has a unique trace and induces the identity on Ki(A) ® Q for some k G N. Then the 
crossed product A x a Z is again a unital simple AH algebra with real rank zero and slow 
dimension growth. 

In the latter half of the paper, we study Z 2 -actions on the Jiang-Su algebra. Classifica- 
tion of group actions is one of the most fundamental subjects in the theory of operator alge- 
bras. For AFD factors, a complete classification is known for actions of countable amenable 
groups. However, classification of automorphisms or group actions on C*-algebras is still 
a far less developed subject, partly because of K-theoretical difficulties. We briefly re- 
view classification results of automorphisms or Z^-actions known so far. For AF and AT 
algebras, A. Kishimoto [131 fli"} [151 [TB] showed the Rohlin property for a certain class 
of automorphisms and obtained a cocycle conjugacy result. The first-named author [26J 
extended this result to unital simple AH algebras with real rank zero and slow dimen- 
sion growth. The second-named author [51] proved that strongly outer Z-actions on Z 
are unique up to cocycle conjugacy. As for Z^-actions, H. Nakamura [27] introduced the 
notion of the Rohlin property and classified product type actions of Z 2 on UHF algebras. 
T. Katsura and the first-named author [11] gave a complete classification of uniformly 
outer Z 2 -actions on UHF algebras by using the Rohlin property, and then this result was 
extended to a certain class of uniformly outer Z 2 -actions on unital simple AF algebras [26J . 
For Kirchberg algebras, complete classification of aperiodic automorphisms was given by 
H. Nakamura [28]. M. Izumi and the first-named author [9] classified a large class of Z 2 - 
actions and also showed the uniqueness of Z^-actions on the Cuntz algebras O2 and 
(see also |25j). 

Our main result in the latter half of this paper is the uniqueness of strongly outer 
Z 2 -actions on the Jiang-Su algebra Z up to strong cocycle conjugacy (Theorem 17. 9p . The 
proof needs three ingredients. The first one is the absorption of the trivial action up to 
cocycle conjugacy, which is obtained in the first half of the paper. The second is the 
uniqueness of Z 2 -actions on UHF algebras of infinite type, which was shown in [11]. The 
last one is a lemma concerning certain homotopies of unitaries (Lemma 16. 4|) . In order to 
prove it, we discuss when an almost commuting triple of unitary matrices is approximated 
by a commuting triple of unitary matrices (Lemma 16. 1|) . In the last section we determine 
when a strongly outer cocycle action of Z 2 on UHF algebras or Z is equivalent to a genuine 
action. 

2 Preliminaries 

The cardinality of a set F is written \F\. We let log be the standard branch defined on the 
complement of the negative real axis. For a Lipschitz continuous function /, we denote 
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its Lipschitz constant by Lip(/). The normalized trace on M n is written tr. 

Let A be a C*-algebra. For a, b G A, we mean by [a, b] the commutator ab — ba. The 
set of tracial states on A is denoted by T(A). For a G A, we define 

IHI2 = sup ||o[| r , 

reT(A) 

where ||a|| T = T(a*a) 1 / 2 . If A is simple and T(A) is non-empty, then ||-||2 is a norm. For 
r G r(j4), we let (tt t ,H t ) denote the GNS representation of A associated with r. When 
A is unital, we mean by U(A) the set of all unitaries in A. The connected component 
of the identity in U{A) is denoted by U(A)q. For r G T(A), the de la Harpe-Skandalis 
determinant associated with r is written A T : f/(^4)o -4 R/t(.Ko(-<4)) (0 Section 1]). We 
frequently use the following fact: when u,v £ U(A) satisfy \\u — 1|| + [|u — 1|| < 2, one has 
r(log(w)) = r(log ii)+r(log u) (see [3 Lemma 1]). For u G the inner automorphism 

induced by u is written Adu. An automorphism a G Aut(^4) is called outer when it is not 
inner. For a G Aut(^4), we let T{A) a = {r G T{A) | r o a = r}. A single automorphism 
is often identified with the Z-action generated by it. Let a : G rx A be an action of a 
discrete group G on a unital C*-algebra A. When a g is outer for all g G G except for the 
neutral element, the action a is said to be outer. We let T(A) a = f] g& Q T(A) aa . The fixed 
point subalgebra of A is A a . When ip is a homomorphism between C*-algebras, Ko(ip) 
and Ki((p) mean the induced homomorphisms on i^-groups. 
Let A be a separable C* -algebra. Set 

c (A) = {(an) G ^(N,^) I lim IKH = 0}, A°° = ^°°(N, A)/ cq(A). 

n— >oo 

We identify A with the C*-subalgebra of ^4°° consisting of equivalence classes of constant 
sequences. We let 

A O0 =A co n A' 

and call it the central sequence algebra of A. A sequence (x n ) n G ^°°(N, A) is called 
a central sequence if \\[a, x n ]\\ — > as n — > 00 for all a G A. A central sequence is a 
representative of an element in A^. When a is an automorphism of A or an action of a 
discrete group on A, we can consider its natural extension on ^4°° and ^oo. We denote it 
by the same symbol a. 

We set up some terminology for group actions. 

Definition 2.1. Let a : G r\ A and (3 : G rx B be actions of a discrete group G on unital 
C* -algebras A and B. 

(1) The two actions a and j3 are said to be conjugate when there exists an isomorphism 
/i : ^4 — 7- B such that a g = /U -1 o j3 g o ^ for all g G G. 

(2) A family of unitaries {u g } g( zG in A is called an a-cocycle if one has u g a g (uh) = u g h 
for all g,h G G. When {u g } g is an a-cocycle, the perturbed action a u : G r\ A is 
defined by a u g = Ad u g o a g . 

(3) The two actions a and (5 are said to be cocycle conjugate if there exists an a-cocycle 
{u g } 9 £G i n ^4 such that a u is conjugate to f3. 
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(4) The two actions a and /3 are said to be strongly cocycle conjugate if there exist an 
a-cocycle {u g } g< =G m A and a sequence of unitaries {v n }^ =1 in A such that a u is 
conjugate to /3 and linijj—^oo ||% — v n a g (Vn)\\ = for all g G G. We remark that if a 
and j3 are strongly cocycle conjugate, then they are approximately conjugate in the 
sense of [27, Definition 7 (1)]. 

Definition 2.2. Let A be a unital C*-algebra and let G be a discrete group. 

(1) A pair (a,u) of a map a : G — >■ Aut(-A) and a map »:GxG-) ^(^) is called a 
cocycle action of G on ^4 if 

a g oa h = Ad /i) o a gh 

and 

h)u(gh, k) = a g (u(h, k))u(g, hk) 
hold for any g,h,k £ G. Notice that a gives rise to a (genuine) action of G on 

(2) A cocycle action (a, u) is said to be outer if a g is outer for every g £ G except for 
the neutral element. 

(3) Two cocycle actions (a, u) and v) of G on A are said to be equivalent if there 
exists a map w : G — > U (A) such that 

a g = Adw(g) o /3 S 

and 

u(#,/t) = w(g)f3 g (w(h))v(g,h)w(gh)* 

for every g,h £ G. 

We denote the Jiang-Su algebra by Z and the unique trace on Z by w. X. Jiang 
and H. Su proved in [101 Theorem 3, Theorem 4] that any unital endomorphisms of Z 
is approximately inner and that Z is isomorphic to the infinite tensor product of copies 
of itself. In particular, Z is strongly self-absorbing, cf. [43, Definition 1.3]. These facts 
are freely used in this article. When a C*-algebra A satisfies A = A (g> Z, we say that A 
absorbs Z tensorially, or A is ^-stable. 

We let Q denote the universal UHF algebra, that is, Q is the UHF algebra satisfying 
K (Q) = Q. 

We recall the definition of tracial rank zero introduced by H. Lin. 

Definition 2.3 ([18} I19j). A unital simple C*-algebra A is said to have tracial rank zero 
if for any finite subset F C A, any e > and any non-zero positive element x £ A there 
exists a finite dimensional subalgebra B C A with p = 1b satisfying the following. 

(1) ||[o,p]|| < e for all a G F. 

(2) The distance from pap to B is less than e for all a £ F. 

(3) 1—p is unitarily equivalent to a projection in xAx. 
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In [20], H. Lin gave a classification theorem for unital separable simple nuclear C*- 
algebras with tracial rank zero which satisfy the UCT ( |2CH Theorem 5.2]). Indeed, the 
class of such C*-algebras agrees with the class of all unital simple AH algebras with real 
rank zero and slow dimension growth. 

The following lemma is a variant of [221 Theorem 3.6]. 

Lemma 2.4. Let A be a unital simple separable and approximately divisible C* -algebra. 
If A® Q has tracial rank zero, then so does A. 

Proof. Suppose that we are given a finite subset F C A, e > and a non-zero positive 
element x G A. We can find mutually orthogonal non-zero positive elements X\,X2 in xAx, 
because A is simple and infinite dimensional. Simplicity of A also implies that there exists 
k £ N such that for any n > k and a minimal projection e in M n , 1 ® e is Murray- von 
Neumann equivalent to a projection in the hereditary subalgebra generated by x\ ® 1 in 
A ® M n . Since A ® Q has tracial rank zero, there exists a finite dimensional subalgebra 
B £\ A® Q with p = 1b satisfying the following. 

• || [a ® l,p] || < e for all a £ F. 

• The distance from p(a ® l)p to B is less than e for all a £ F. 

• 1 — p is Murray-von Neumann equivalent to a projection in the hereditary subalgebra 
generated by X2 ® 1 in A ® Q. 

Clearly we may assume that there exists m > k such that B is a subalgebra of A ® M m 
and 1 — p is Murray-von Neumann equivalent to a projection in the hereditary subalgebra 
generated by X2 ® 1 in A ® M m . Set D = A ® (M m © M m+ i). Define a homomorphism 
99 : B — > D by (p(b) = b®b. One can easily verify the following. 

• || [a® 1, <p(p)]\\ < e for all a G F. 

• The distance from (p(p)(a ® l)</'(p) to is less than e for all a £ F. 

• Id — ip(p) is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra generated by x ® 1 in Z). 

As A is approximately divisible, one can find a unital homomorphism from M m ® M m+ \ to 
vloo (see [26, Lemma 3.1] for example). It follows that there exists a unital homomorphism 
7r : D — > A°° such that ir(a ® 1) = a for any a £ A. The finite dimensional subalgebra 
n((p(B)) C A°° lifts to a finite dimensional subalgebra of A, and so the proof is completed. 

□ 

We introduce two classes C and Cq of C*-algebras as follows. 

Definition 2.5. Let C be the class of unital simple separable C*-algebras A such that 
A® Z = A and A®Q has tracial rank zero. Let Co be the family of all C*-algebras A £ C 
which are nuclear and satisfy the universal coefficient theorem. 

Remark 2.6. (1) By Lemma \2A\ if A is in C, then A® B has tracial rank zero for any 
UHF algebra B. 
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(2) A unital simple separable nuclear C*-algebra with tracial rank zero satisfying the 
UCT is in Co, because it absorbs Z tensorially by [44, Corollary 3.1]. The Jiang-Su 
algebra Z itself is in Cq by [10} Theorem 4, Theorem 5]. 

(3) The class Co is the same as that treated in the classification theorems due to W. 
Winter [481 Theorem 7.1], H. Lin and Z. Niu |2H Theorem 5.4] (see also [451 Theorem 
5.1]). Namely, for any A, B G Cq and any graded ordered isomorphism <p : K*(A) — > 
K*{B), there exists an isomorphism <I> : A — > B inducing ip. 

(4) By [48 \ Corollary 8.6], the following three conditions are equivalent for A G Cq: (i) 
A has tracial rank zero, (ii) A has real rank zero, (iii) Kq{A) has Riesz interpolation 
and K (A)/ Tor (K (A)) / Z. 

(5) If A is a unital simple ASH algebra whose projections separate traces, then A (g) B 
has tracial rank zero for any UHF algebra B. In fact, by [29, Corollary 2.2], A has 
locally finite decomposition rank. By [21 Theorem 1.4 (e)], A<g>B has real rank zero 
since projections separate traces. Then [471 Theorem 2.1] tells us that A ® B has 
tracial rank zero. We remark that A satisfies the UCT by [29} Corollary 2.1]. 

(6) In |50U42j it is shown that a unital simple ASH algebra A has slow dimension growth 
if and only if A is ^-stable. It is also known that if A is a unital simple separable 
C*-algebra with finite decomposition rank, then A = A® Z ( [49} Theorem 5.1]). 

(7) Let a € Homeo(A) be a minimal homeomorphism of an infinite, compact, metriz- 
able, finite dimensional space X and let A = C(X) x Q Z. By Theorem 0.2 of [45], 
A is ^-stable. By Proposition 5.3 and Proposition 5.7 of [45], if projections in A 
separate traces, then A (g) B has tracial rank zero for any UHF algebra B of infinite 
type, and hence A is in Cq. 

(8) When A is in C and r G T{A) is extremal, it is easy to see that n T {A)" is the 
hyperfinite Ili-factor (see [33} Lemma 2.16]). 

Next we introduce the notions of strong outerness and the weak Rohlin property for 
group actions on C*-algebras. Let G be a discrete group. For a finite subset F C G and 
e > 0, we say that a finite subset K C G is (F, e)-invariant if \Knf} geF g~ l K\ > (l—e)\K\. 

Definition 2.7. Let A be a unital simple C*-algebra with T{A) non-empty. 

(1) We say that an automorphism a G Aut(A) is not weakly inner for r G T(A) a if the 
weak extension of a to an automorphism of tt t (A)" is outer. 

(2) An action a : G r\ A of a discrete group G on A is said to be strongly outer if 
a g is not weakly inner for any r G T(A) as and g G G \ {e}. Likewise, a cocycle 
action (a, u) of G on A is said to be strongly outer if a g is not weakly inner for any 
r G T(A) a o and g G G \ {e}. 

(3) Assume G = Z, N . We say that a has the weak Rohlin property if for any finite 
subset F C G and e > there exists an (F, e)-invariant finite subset K C G and a 
central sequence {f n )n in -A such that < f n < 1, 

lim \\ag(f n )a h (fn)\\ = 
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for all g,h G K with g ^ h and 

lim max \r(f n ) — = 0. 

n^oo T£ T(A) 

When G = Z, in addition to the conditions above, we further impose the restriction 
that K is of the form {0, 1, . . . , k} for some k G N. 

(4) Suppose that G is a finite group. We say that a has the weak Rohlin property if 
there exists a central sequence (f n )n in ^4 such that the properties in (3) hold for G 
in place of K. 

(5) For a cocycle action (a, it), we can define the weak Rohlin property in the same way, 
because a induces a genuine action on A^. 

The projection free tracial Rohlin property introduced in [H Definition 2.7] is quite 
similar to the weak Rohlin property defined above. But we do not know if either implies 
the other in general. 

Remark 2.8. One can show that the weak Rohlin property implies strong outerness in a 
similar fashion to |14t Lemma 4.4]. In fact, if a : G r\ A has the weak Rohlin property, 
then for any g G G\ {e}, a £ A and e > there exist fx, /2, . . . , fk in A such that 

0</i<l, ||[/i,o]||«0, 11/^(^)11^0, fifjttO 

for all i 7^ j and r(/i + /2-| h/fc) > 1 — e for all r G T(A). Hence, by the same argument 

as in |14} Lemma 4.3], we get ip(a\) = for any ip G T(A x ag Z), where A G A x Qg Z 
is the implementing unitary of the automorphism a g . It follows from the proof of |14} 
Lemma 4.4] that a g is not weakly inner for any r G T(A) aa . Therefore a is strongly outer. 
This observation also shows that T(A) a is canonically isomorphic to T(A x a G) via the 
inclusion of A into A x Q G. 

Remark 2.9. Let a : G rx A be a strongly outer action and let B be a unital simple 
C*-algebra with a unique trace. Then one can easily see that a® id : G rx A ® B is 
strongly outer, too. 

Remark 2.10. In Section 4 and 5 of [26] it is shown that uniformly outer actions of Z 
or Z 2 on certain AH algebras have the (tracial) Rohlin property under some technical 
assumptions. By |141 Lemma 4.4] uniform outerness implies strong outerness, and the 
proofs in [26] only use strong outerness of the actions. Hence one can replace uniform 
outerness with strong outerness in the results of [26]. In particular, for a Z-action a stated 
in [26, Theorem 4.8], the following three conditions are equivalent: (i) a is uniformly outer, 
(ii) a is strongly outer, (iii) a has the Rohlin property. In the same way, for a Z 2 -action 
a as in Corollary 5.6 or Corollary 5.7 of |26] (including a on a UHF algebra), the three 
conditions above are equivalent, too. 

3 A Rohlin type theorem 

In this section we establish a Rohlin type theorem for actions of 7j N and a finite group 
on C*-algebras in C (Theorem 13. 4p . To this end we first need to recall the inductive limit 
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construction of Z from [321 [TU]. As mentioned in Section 2, to denotes the unique tracial 
state on Z. 

For natural numbers p, q E N, we let 



Let (p n ) n and (q n ) n be increasing sequences of natural numbers such that 

• p n and q n are relatively prime. 

• p n divides p n +i and q n divides q n +i- 

• Pn+i and q n +i are greater than 2p n q n . 

Let C n = C([0, 1], M Pn <g) M 9n ) and let B n C C n be the subalgebra consisting of constant 
functions (i.e. B n = M Pn ® M 5n ). It was proved in [39l Section 2] that there exist a unital 
injective homomorphism ip n : C n — )• C ra+ i and a unital subalgebra ^4 n C C n such that the 
following hold. (The reader should be warned that ip n of [39, Section 2] is not the same 
as ip n used here, but is equal to Adu o ijj n for some unitary u E C n +i. ) 

• i> n {A n ) C A n+1 and ip n {B n ) C B n+1 . 

• A n is isomorphic to I{p n ,Qn) and contains {/ E C n | /(0) = /(l) = 0}. 

• The inductive limit C*-algebra constructed from ^ n : j4 n — > A n+ i is isomorphic to 
the Jiang-Su algebra Z. 

• Let ip n : A n — > Z be the canonical inclusion and let v n be the probability measure 
on [0, 1] satisfying 



J o 

for all / 6 A n . Then v n has no atoms in {0, 1} ([Ml Lemma 2.2]). 

We let B be the inductive limit of ip n : B n — > B n+ %. Of course, B is a UHF algebra. In 
what follows, we omit ip n and regard C n as a subalgebra of C n+ \. Define uj n G T(C n ) by 



JO 

for f £C n . Clearly 6Li n is an extension of w|j4 ra to C n . It is also easy to see that cj n +i|C n 
equals uj n . 

Proposition 3.1. Let A be a unital simple separable C* -algebra such that A® B has 
tracial rank zero. For any finite subset F C A and e > 0, there exist a finite subset 
G C A Z and 5 > satisfying the following. If x £ A® Z is a positive element such 
that \\x\\ < 1 and 



for all a E G, then there exists a positive element y E A®Z such that < 1, \\x — y\\2 < £ 



Hp, q) = {/ G C([0, 1], M p ® M ? ) | /(0) E M p <8> C, /(l) EC® M q }. 





\\[x,a}\\ 2 <6 



and 



\\[y,a®l]\\ <e 



for all a E F . 
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Proof. We may assume that F is contained in the unit ball of A. Use tracial rank zero 
to find a projection e 6 A <g> B and a finite dimensional unital subalgebra E C e(A (g) B)e 
such that the following are satisfied. 

• For any a £ F, \\[a® l,e]|| < e/4. 

• For any a £ F, the distance from e(a <8> l)e to E is less than e/4. 

• ||1 - e 1 1 2 < e/4. 

We may assume that there exists n 6 N such that e is in A (g) i? n and -E 1 is a subalgebra of 
yl (g> i? n . Choose a real valued continuous function / 6 C([0, 1]) so that 



/(0) = /(l) = 0, 0</<l and / (1 

Jo 



f{t)fdv n (t) <e 2 /16. 



We regard / as an element in A n . Set 

K = {6(1 ®f)\beE, \\b\\ = l}c\A®A n cA®Z. 

Since K is compact, there exist a finite subset G C K and <5 > such that the following 
holds: If a positive element x £ A ® Z satisfies ||x|| < 1 and ||[x,a]||2 < S for all a £ G, 
then 1 1 [a:, a] 1 1 2 is less than e/4 for all a £ K. Suppose that we are given a positive element 
x £ A® Z such that ||x|| < 1 and ||[x,a]||2 is less than 5 for all a £ G. We may assume 
that there exists m> n such that x £ A®A m . For any r £ T{A) and b £ E with ||6|| = 1, 
one has 

IIMHUw™ < \\[x,bO-®f)}\\T®u m + 2\\b-b(l®f)\\ T ® ilJm 

< || [x, 6(1 ® /)]|| r0a) + 2||1 - 1 ® /|U Wn 

< e/4 + e/2 = 3e/4. 

Using the Haar measure on the compact group U(E), we define a positive element y £ 

e{A®C m )e by 



y = uxu* du. 

JU{E) 

Since y commutes with every element in E, we obtain ||[y,a ® 1]|| < e for all a £ F. 
Furthermore, 

\\x - y\\ T ®uj m < \\x - xe\\ T ® Um + \\xe - 2/|| T cg)w m < e/4 + 3e/4 = e 
for any r £ T{A). Choose a real valued continuous function g £ C([0, 1]) so that 

g(0) = g(l) =0, 0< 5 <1 and / (1 - g{t)f du m (t) « 0. 

Jo 

and regard g as an element in the center of C m . Then y{l ® g) is in A ^4 m and ||y — 
?/(l (g) 5)||r®oj m ~ for all r G ^(^4). By replacing y with y(l <8> g), we can complete the 
proof. □ 

As a direct consequence of Proposition 13.11 we get the following. 
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Proposition 3.2. Let A G C. For any finite subset F C A and e > 0, there exist a finite 
subset G C A and 5 > such that the following hold. If x G A is a positive element such 
that \\x\\ < 1 and 

||[x,a]|| 2 < 5 

for any a G G, then there exists a positive element y G A such that \\y\\ < 1, \\x — y\\2 < £ 
and 

lib, a] II < e 

for any a G F . 

Proposition 3.3. Let A be in C and let T C Aut(A) be a finite subset containing the 
identity. Suppose that there exists a sequence (e n ) Tl in A such that < e n < 1 and the 
following hold. 

(1) ||7(en)7'( e n)||2 -> for any 7,7' G T such that 7 ^ 7'. 

(2) For every a £ A, we have \\[a, e n ]\\2 — > 0. 

Then there exists a central sequence (f n )n in A such that < f n < 1 and the following 
hold. 

(!) ll7(/n)V(/n)|| -> /or any 7,7' G T such that 7 / 7'. 
(2) ||e n -/„|| 2 ^0. 

Proof. Using the proposition above, one can prove this in a similar fashion to [401 Theorem 
1.2] . We give a proof here for completeness. By Proposition ^, 2^ we may assume || [a, e n \ || — )■ 
for every a £ A, that is, (e n ) n is a central sequence. Let Tq = {7 _1 7' | 7, 7' G T, 7 / 7'}. 
Let e > 0. It suffices to show that there exists a central sequence (f n )n in ^4 such that 
< f n < 1, ||/n7(/n)||2 < £ for every 7 G T and \\e n - f n \\ 2 -> 0. Put 

\7er0 / 

1 /2 

Then ||e' n ||2 — > as n — > 00, because \\e n 7(e n )||2 - > for each 7 G Tq. Define a continuous 
function g by 

'e -1 * 0<t<e 
1 s < t. 



g{t) 

Let 



f n = e\l\\-g^ n M\ 
Notice that (f n )n is a central sequence and < f n < e n < 1. Then for any 7 G Tq and 
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n £ N one has 



||/n7(/n)|| 2 < ||/n7(/n)/„| 



< 



< 



< 



fn [ Yl 7 ( e ") I ? n 

7er 



e y 2 (l - g{e' n ))eH 2 [ £ 7 (e n ) ) e]l\\ - g{e' n ))e]l 2 
76 r 




i /2 y>(en) eV 2 (l- 5 «)) e ^ 



= lK(l -3(en)) e n 2 H 
< \\e' n {l-g{e' n ))\\<e. 



Moreover 



as n 



\\fn ~ e„|| 2 < 115(4 
00. The proof is completed. 



□ 



Theorem 3.4. Let A be a C* -algebra in C with finitely many extremal tracial states and 
let a : G r\ A be an action of G on A. Assume either of the following. 



T(A). 



(1) G = Z. 

(2) G = Z N and T{A) C 

(3) G is a finite group. 

Then a has the weak Rohlin property if and only if a is strongly outer. 

Proof. We have already seen that the weak Rohlin property implies strong outerness (Re- 
mark [221). Let us prove the other implication. Let E be the set of extremal tracial states 
on A. For r £ E, by Remark l2.6l (8). ir T (A)" is the hyperfinite Ili-factor. Set p = © rg £7iV 
and M = p(A)" = ® TeE ir T (A)" (cf. [SI 3.8.11, 3.8.12, 3.8.13]). There exists an action 
a : G r\ M satisfying a g o p = p o a g . We identify T{A) with T{M) via p. Note that, for 
a bounded sequence (x n ) n in M, x n converges to zero in the strong operator topology if 
and only if ||x n ||2 converges to zero. 

(1) Let I be the minimum positive integer such that t o ai = r for all r G T(A). Let k 
be a natural number satisfying k = 1 (mod I). In the same way as [131 Lemma 3.1], one 
can find a sequence of projections (q n ) n in M such that 



[X,i 



0, 



kl-l 

E 

i=0 







for all x 6 M and i = 1,2, 



, /cZ— 1 as n — )■ 00. Define a projection p n 6 M by 

= y^«fcj(gn)- 
i=0 
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Then we obtain 

HfoPnllh -> and ||jp n «i(Pn)||2 -> 

for all x G M and i = 1,2,... , fc— 1 as n — >• oo. Also, because of k = 1 (mod Z) and 
t o oi = t, we have 

= fc^r(a fci (g n )) = fc^<r(a,-(g n )) = ^ <r(a,-(g n )) -)■ 1. 

j=0 j=0 j=0 

for all r G T(M) as n — )■ oo. By Kaplansky's density theorem, we may replace p n with 
p(e n ), where e n is in A and < e n < 1. Thanks to Proposition 13.31 we can obtain the 
desired sequence. 

(2) The action a preserves each n T (A)" and the restriction of a to it is outer. It follows 
from [30] that, for any finite subset F C Z N and e > 0, there exist an (F, e)-invariant 
finite subset K C Ij N and a sequence of projections (p n ) n in M such that 

H^PrJIh ->• 0, \\a g (p n )a h (p n )\\ 2 -)■ and r(p n ) -> 1/|K| 

for all x G M, g,h £ K with g ^ h and r G T(M) as n — >• oo. The rest of the proof is 
exactly the same as (1). 

(3) We claim that there exists a sequence of projections {p n )n in M such that 

HfoPnJIh -> 0, |bn« a (Pn)||2 -> and r(p n ) -)■ 1/|G| 

for all x G M, g G G \ {e} and r G T(M) as n 4 oo. Once this is done, the proof is 
completed in the same way as above. To this end, without loss of generality, we may assume 
that a acts transitively on the set of extremal tracial states on M, that is, a acts ergodically 
on the center of M. Fix an extremal tracial state to and let H = {g G G \ tq o a g = tq}. 
From the assumption, a\H : H rx n To (A)" is outer. Therefore, by [3D], there exists a 
sequence of projections (q n ) n in ir T0 (A)" such that 

l|[^<7n]||2 -> 0, \\q n oth(qn)h ~> and r o(<?n) ->■ 1/| #1 

for all x G M and h £ H \ {e} as n — >• oo. Choose gi,g%, ■ ■ ■ ,gk G G so that G = 
g\H\J • • • U gfc-ff, where A; = |G|/|JJ|. Since the central sequence algebra of tt T0 (A)" (in the 
sense of von Neumann algebras) is again a Ili-factor, for each i = 1,2, ... ,k, we can find 
a sequence of projections (qi t n)n in ^roiA)" such that 

k 

<?n = ^<?i,n, ll^tfvdlh ->■ and r (gi, n ) ->■ 1/|G| 
for all x G M as n — > oo. Define a projection p n G M by 

Pn = ^"f^rO- 
It is not so hard to see that {p n ) n is the desired sequence. □ 

Remark 3.5. Theorem 13.41 also holds for cocycle actions of X, N or a finite group. We can 
prove this in the same way as above, because (as mentioned in Definition I2.2H a cocycle 
action (a, u) induces a genuine action on Aqq . 
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4 ^-stability of crossed products 

The main theorem in this section asserts that the crossed product C*-algebra A x a G 
absorbs Z if A is in Cq and a : G rx A has the weak Rohlin property (Theorem 14, 7[) . We 
begin with the definition of the property (SI), which was introduced in |41j . 

Definition 4.1 (jJH Definition 3.3]). We say that a C*-algebra A has the property (SI) 
when for any central sequences (e n ) n and (/ n ) n in A satisfying < e n < 1, < f n < 1, 

lim max r(e n ) = and inf liminf min r(f,I ra ) > 0, 
n->oo r6 T(A) meN n^oo T eT(A) 

there exists a central sequence (s n ) n in A such that 

lim - e n || = and lim ||/ n s n - s n || = 0. 

n— >oo n— >oo 

The definition above is slightly different from the original one, but we can easily check 
that these two definitions are equivalent. Indeed, for any fixed m G N one has 

liminf min rffj?) < liminf min rtf™), 

n^oo reT(A) KJnJ ~ n^oo r£T(A) Wfl ' 

and so the definition above is stronger than [41| Definition 3.3]. Conversely, suppose that 
we are given a sequence (f n ) n of positive contractions in A satisfying 

c = inf liminf min t(/I") > 0. 

meN n->oo T gT(A) 

For any m G N there exists n m £ N such that t(/™) > 2c/3 holds for all r G T"(A) and 
n > "-m- We may assume n m < n m+ i. Let 5 m = 1 — (c/S) 1 /™ and define /i m G C([0, 1]) 
by h m (t) = min{i + 5 m , 1}. For each n £ N, put 



1 n < ni 

hm(fn) Tim — ^ ^ 



Evidently ||/^ — /nil — ^ as n — )■ oo because 5 m — > as m — > oo. Moreover 

r(/£) = T(h m (f n ) n ) > r(C) - (1 - 5 m ) m > 2c/3 - c/3 = c/3 

holds for every t G T(A) and n G N, where m is the natural number satisfying n m < n < 
n m+ i. Therefore the definition above is weaker than [41| Definition 3.3]. 

Lemma 4.2. Let A be a unital simple separable C* -algebra with tracial rank zero. 

(1) // {e n ) n is a central sequence in A satisfying < e n < 1 and 

lim max r(e n ) = 0, 

71-J-oo T £T(A) 

t/ien there exists a central sequence of projections (q n ) n in A such that 
lim ||g n e n — e n \\ =0 and lim max r(q n ) = 0. 
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(2) // ( f n ) n is a central sequence in A satisfying < f n < 1 and 

inf liminf min r(f™) > 0, 
meN n->oo r eT(A) 

then there exists a central sequence of projections (q n ) n in A such that 
lim WfnQn — Qn\\ = and liminf min r(o n ) > 0. 

n— >oo n— >oo T< zT(A) 

Proof. (I) Take a finite subset F C A and e > 0. It suffices to show that, for any 
sufficiently large n, there exists a projection q n £ A such that 

|| < e, max r(^ n ) < e and ||[a, g„] || < e 

reT(A) 

for every a £ F. Use tracial rank zero to find a projection p £ A and a finite dimensional 
unital subalgebra E C pvlp such that the following are satisfied. 

• For any a £ F, \\[a,p]\\ < e/5. 

• For any a £ F, the distance from pap to E 1 is less than e/5. 

• For all r G T(A), r(l - p) < e. 

Since [pe ra p, b] — > as n — > oo for every b £ E and -E is finite dimensional, there exists 
x n £ pAp n -E' such that < x n < 1 and pe n p — x n — >■ 0. In particular, one has 
maxr(x n ) — >■ 0. We may further assume that e is not contained in the spectrum of x n , 
because pApHE' has real rank zero. Let X[e,i] be the characteristic function of the interval 
[e,l] and let y n = X[ £ ,i]( x n) G pApDE'. Then \\y n x n - x n \\ < e and r(y n ) < e~ 1 T(x n ). 
Set q n = y n + (1 — p)- It is easy to verify ||[a,</ n ]|| < e for any a £ F and n £ N. Besides, 
we have 

max r(o n ) = max r(y n + 1 — p) < e^ 1 max r(x„) +£—)■£ 

TGT(A) r£T(A) reT(A) 

as tj. — y oo and 

limsup||g n e n - e n \\ = limsup||(y n - p)e n \\ = limsup||y n x n - x n || < e, 

thereby completing the proof. 

(2) Let d = inf m liminf n min T r(/™) > 0. Take a finite subset F C A and e > 0. 
Choose m£Nso that (1 — e) m < e/2. It suffices to show that, for any sufficiently large 
n, there exists a projection q n £ A such that 

WfnQn - Qn\\ < e, min T(q n ) > d - e and ||[a,qr n ]|| < e 

reT(A) 

for every a £ F. Use tracial rank zero to find a projection p £ A and a finite dimensional 
unital subalgebra E C pAp such that the following are satisfied. 

• For any a £ F, ||[a,p]|| < e/4. 

• For any a £ F, the distance from pap to E is less than e/4. 
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• For all t G T(A), r(l -p) < e/2. 

Since \pf n p, b] — > as n — > oo for every 6 G E and -E is finite dimensional, there exists 
x n G pAp n E 1 ' such that < x n < 1 and p/ ra p — x n — > 0. In particular, 

liminf min r(x™) = liminf min rOpflP'p) 

n->oo reT(A) n-s>oo reT(A) 

> liminf min r(flP') — r(l - p) > d — e/2. 

n->oo reT(A) 

We may further assume that 1 — e is not contained in the spectrum of x n , because pAp(~)E' 
has real rank zero. Let be the characteristic function of the interval [1— s, 1] and 

let q n = X[l-e,i\( x n) G pApD E' . Then \\x n q n - q n \\ < e and r(q n ) > t(x™) - e/2. It is 
easy to verify \\[a, q n ]\\ < e. Besides, we have 

liminf min r(g n ) > liminf min rix™) — e/2 > d — e 

rwoo reT(A) n^oo r£T(A) 

and 

limsup||/ n g n - q n \\ = limsup||p/ n pg„ - q n \\ = limsup||x n g„ - q n \\ < e, 

n— >oo n— >oo n— >oo 

which completes the proof. □ 
Lemma 4.3. Any C* -algebra in Co has the property (SI). 

Proof. By Remark 12.61 (1). [20 \ Theorem 5.2] and |41 j, Proposition 3.5], it suffices to show 
that any unital simple AH algebra A with real rank zero and slow dimension growth has 
the property (SI). Suppose that we are given two central sequences (e n ) n and (f n )n in A 
satisfying < e n < 1, < f n < 1, 

lim max r(e n ) = and inf liminf min r(/5 i ) > 0. 

n->oo reT(A) meN n->oo T eT(A) 

By means of the lemma above, we can find central sequences of projections (p n )n and 
{q n ) n in A such that 

lim \\p n e n - e n \\ = 0, lim max r{p n ) = 0, 
lim \\f n qn — q-nW = and liminf min r{q n ) > 0. 

n— >oo n— >oo r£T(A) 

By [26,, Lemma 3.3], there exists a central sequence of partial isometries (v n ) n in A satis- 
fying v* n v n = p n and v n v* n < q n . Set s n = v n e\[ 2 . Then 

lim ||s*s n - e n || = and lim ||/ n s n - s n \\ = 0, 

as desired. □ 

Lemma 4.4 ([381 Proposition 5.1],[HJ Proposition 2.1]). The C* -algebra I(k,k+1) is 
isomorphic to the universal C* -algebra generated by k+1 elements c\, C2, ■ ■ ■ , Cfe, s satisfying 

{ c 2 %—' k 

Cl > 0, CjC* = < 1 C*Ci + S*S = 1, ClS = s. 

1° »^". ti 
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Lemma 4.5. Let c\, C2, . . . , c&, s be the generators of I(k,k+1) described in the lemma 
above. 

(1) For any m E N and r G T(I(k, k+1)), one has t(c™) < k^ 1 . 

(2) For any m G N and e > ; there exists a unital embedding ip : I(k, k+1) — > Z such 
that — e < u}(ip(c r { 1 )) < k^ 1 , where u denotes the unique tracial states on Z. 



Proof. (1) For each i = 2, 3, . . . , k, 



r((ciC 



*\m/2\ 



We also have C? + (c* 2 c 2 ) m/2 + ■■■ + (c* k c k ) m / 2 < 1. Hence r(cf) < k' 1 . 
(2) We may assume that the generator c\ G I{k, k+1) is given by 

ci(t) = u(t) (j^ eg ® e% +l) + cos(irt/2)e[ k l e £jO u(t)' 



where u G C([0, 1],M& ® M& + i) is a unitary, and ej^ and efT L> are systems of matrix 



ffe+i) 



h3 



1,3 



units for M k and Mfc +1 , respectively (see [HI Section 2]). Suppose that m G N and e > 
are given. Let ^ be a probability measure on [0, 1] such that 



1-e < 



(cos(7rt/2)) m d/x(t) < 1 



and the support of \i is [0, 1]. By [371 Theorem 2.1 (i)], there exists a unital embedding 
(p : I(k, k+1) — > Z such that 



"(?(/)) 



tr(/(t))d//(t), 



where tr is the normalized trace on <S> Mfe+i. It follows that 

" l k + (cos(vrt/2)) r 



fc(fc + l) 



d/i(i) 



is between k 



-l 



e and k . 



□ 



Lemma 4.6. Let c be a positive element of a unital C* -algebra A with T{A) non-empty 
and let 9 G R. Suppose that (f n ) n is a central sequence of A such that ||/„|| < 1. Then we 
have 

limsup max |r(c/ n ) — 9r(f n )\ < 2 max |r(c) — 9\. 

n->oo t£T(A) t£T(A) 

Proof. Put 5 = max Te x(A)\ T (c) — 9\. Take e > arbitrarily. We use the notation in [3]. 
By Proposition 2.7, 2.8], there exist positive elements a,b £ A such that a ~ b and 
|| (c - 6») - (a - 6)|| < 5 + e. Let d = (e- 0) - (a- 6). Then c + d_ + 6 = + d+ + a. It 
follows from [3, Lemma 2.1] that there exist Ui,U2, . . . ,u m G A satisfying 



< 5 + £, 



< S + e. 
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Since (f n ) n is central, for sufficiently large n, one has ||it*[i4j, f n ]\\ < m l e for i = 
1,2, ... ,m. Hence we get 

r(cfn) ~5+e ^2r(u*Uif n ) ~ e ^T^iUlfn) ^ 5 +e Or{f n ) 

for every r G T(A), thereby completing the proof. □ 

Theorem 4.7. Let A be a C* -algebra in Cq and let G be "L N or a finite group. Suppose 
that a : G rx A is an action with the weak Rohlin property. Then there exists a unital 
embedding of Z into (A^) 01 . 

Proof. First we consider the case G = 7L N . As shown in JO], Z is an inductive limit of 
I(k, k+l)'s. Hence, by [441 Proposition 2.2], it suffices to construct a unital homomorphism 
from I(k, k+1) to (Aoq) 01 . Let c±, eg, . . . , c^, s be the generators of I(k, k+1) described in 
Lemma 1-4.41 We say that x G A°° converges uniformly to 9 G C on T(A) if 

lim max \r(x n ) — 0\ = 0, 

where (x n ) n is a representative of x. Since A absorbs Z tensorially and Z is isomorphic to 
the infinite tensor product of copies of Z, we may think of A as A ® ^) n ^ Z. By Lemma 
14.51 (2), there exists a unital embedding <p n : I(k,k+1) — > Z such that k~ l — n _1 < 
u>(ip n (ci)) < k^ 1 . We regard (p n as an embedding into the n+l-st tensor component of 
A ® ®„ eN z - Then 

I(k, k+1) (cp^d), ip 2 (d),yz(d), . . . ) G £(N, A) 

gives rise to an embedding ip : I(k, k+1) -+ Aoo and <p(c™) converges uniformly to k^ 1 on 
T(A) for any m G N by Lemma 14.51 (1). We would like to modify ip so that its image is 
fixed by the action a. 

Let F C G be a finite generating set of G. Take e > and m G N arbitrarily. Choose 
5 > so that 

<5(1 + |F| + + <e. 
We can find an (i 7 , <5)-invariant finite subset K C G and / G such that < / < 1, 

a g {f)a h (f) = 

for g,h G K with g ^ h and / converges uniformly to on T(A). Let (f n ) n and 

(di tn ) n G -£°°(N, j4) be representative sequences of / and y>(cj), respectively. We may 
assume that (f n )n and (di,n) n are positive contractions. We can find a subsequence (fi n ) n 
of (/n)n such that || [fi n , dj )Tl ] || — > for alH = 1, 2, . . . , k because {f n )n is a central sequence. 
In addition, by Lemma 14.61 we may further assume that 

max \r(df tn f ln ) - ArV(/J| < 2 max |r(d£ ft ) - AT 1 ] + 1/n 
tst(A) tgt(A) 

holds, where the right hand side converges to zero as n — > oo. Consequently, by replacing 
(fn)n with (fi n ) n , we may assume that / commutes with p{c\), 92(02), . . . ,<p(ck) and that 
(p(c™)f converges uniformly to (A^-fTl) -1 on T(A). (Such a reindexation trick is rather 
standard and is frequently used in this proof. See [30, 5.3].) 
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Define a function i : K — > N by 

t(g) = min{n G N | 3gi,g 2 , ...,#„ G F, g+gi+ . . . +g n $ K}. 

One has |^ _1 (1)| < 6\K\, because K is (F, 5)-invariant. Then \l~ l {n)\ < S^Y 1 ' 1 ^ is 
obtained inductively, so that 

\i- 1 {{l,2,...,m})\ < 5(1 + \F\ + ■ ■ ■ + {Fr-^Kl < e\K\. 

Let h : K — > [0, 1] be the function defined by h(g) = m~ l mixi{l(g) — 1, m}. The estimate 
above implies > (1— e)|if|. We define q G j4qo by 

Q=^%)a 9 Mc,)/ 1/m ). 

It is easy to see that || q — a 5 (cj) || is not greater than 1/m for all g G F. Since / commutes 
with <p(ci), <p(c2), . . . , y(cjfc), one can check 



ci > 0, qc* 







and Yli=i^i^i — !• Moreover, c™ converges uniformly to X^G-ft: ^(fiO"V(^l-^l) on ^(^)> 
which is between k~ l (l — e) and k . 

Since m G N and e > were arbitrary, the standard argument on central sequences 
allows us to assume that q's are in (Aqo)" and that converges uniformly to 1/k on 
T(j4) for any m G N. It follows that 

l-^^G^r 

i=l 

converges uniformly to zero on T(.A). We would like to construct the image of the generator 
s. Take e > arbitrarily. By using Theorem 13.41 again, one can find an (F, e)-invariant 
finite subset L C G and e G such that < e < 1, 

a g (e)a h (e) = 

for g,h £ L with g ^ h and e converges uniformly to |L| _1 on T(A). Let (e n ) n G £°°(N, A) 
be a representative sequence of e such that < e n < 1. One can choose a sequence 
of natural numbers (m n ) n satisfying lim n _ 5 . 00 m n = oo so that (el/ mn ) n is still a central 
sequence and 

Hm a 9 ( e y m "K( e y m ")=0 

n— >oo 

for all g,h G L with g ^ h. Therefore, by replacing e n with el/ mn , we may assume that e m 
converges uniformly to on T(A) for any m G N. In the same way as before, we may 

further assume that e commutes with c\ and that c™e rn converges uniformly to (k\L\)~ l 
on T(A) for every m G N. By Lemma 14.31 A has the property (SI). Hence, there exists 
T G such that 

k 

C\er = r and r*r = 1 — c*Cj. 

i=i 
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Define s G A^ by 



geL 



Clearly s*s = r*r = 1 — Y2i=i By < c\e < c% < 1, we also have c±s = s. Moreover, 
for any h £ F, 



<*h(s)\\ < 



geL\h- x L 



+ 



E 



a„(r 



g£L\hL 



\L\h- 1 L\ 1 / 2 \L\hL\ 1 ' 2 



ILIV2 



lil 1 / 2 



Since e > was arbitrary, the standard argument on central sequences allows us to assume 
that s is in (Aoo) a . Consequently, from Lemma [4.4l we can obtain a unital homomorphism 
ip : I(k,k+l) — > {Aoo) 01 as desired. 

When G is a finite group, the proof is much easier. Indeed we can define Cj £ by 

5, = 5> 9 Mc,)/ 1/m ), 

where m is a sufficiently large natural number. The construction of the element s is the 
same as above. □ 

Theorem 4.8. Let a : G r\ A be an action of a countable discrete group G on a unital 
C* -algebra A. Suppose that there exists a unital embedding of Z into (Aoq) 01 . Then (A, a) 
is strongly cocycle conjugate to (A(£>Z,a®id). In particular, Ay\ a G absorbs Z tensorially. 



Proof. This is a trivial generalization of |36^ Theorem 7.2.2]. 

Combining the theorems above, we obtain the following corollaries. 



□ 



Corollary 4.9. Let A be a C* -algebra in Cq and let G be Z N or a finite group. Suppose 
that a : G rx A is an action with the weak Rohlin property. Then (A, a) is strongly cocycle 
conjugate to (A ® Z, a <g> id). In particular, A yi a G absorbs Z tensorially. 

Corollary 4.10. Let A be a C* -algebra in Cq with finitely many extremal tracial states 
and let a : G r\ A be a strongly outer action. Assume one of the three conditions stated in 
Theorem \3.4\ Then (A, a) is strongly cocycle conjugate to (A (8) Z, a (8) id). In particular, 
A xi Q G absorbs Z tensorially. 

Remark 4.11. Theorem 14.71 also holds for cocycle actions of Ij N or a finite group. We 
can prove this in exactly the same way as above, because a cocycle action (a, u) gives 
rise to a genuine action on A^. Theorem 14.81 also holds for cocycle actions (a,u) in the 
following sense (see also [9j Theorem 6.3]): If there exists a unital embedding of Z into 
(Aqo) 01 , then there exists an isomorphism fj, : A® Z — > A such that (a, u) is equivalent to 
(/i o (a (gi id) o i_l(u (g> 1)). Hence one obtains the following: If a cocycle action (a, u) 
on A E Co has the weak Rohlin property, then there exists an isomorphism [i : A® Z — > A 
such that (a, u) is equivalent to [p,o {a. ® id) o n(u ® 1)). This, together with Remark 
13.51 implies that Corollary 14.101 also holds for cocycle actions. 
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5 Closedness of Cq under taking crossed products 



In this section we will show that the class Cq is closed under taking crossed products by 
strongly outer actions of finite groups or Z satisfying certain mild assumptions (Theorem 
15.31 and \5.8\i . We begin with the case of finite group actions. Note that the following 
theorem is shown in Theorem 5.5] when A has a unique trace. See Definition 1.2 and 
Lemma 1.16 of [35] for the definition of the tracial Rohlin property for finite group actions. 

Theorem 5.1. Let A be a unital simple separable C* -algebra with tracial rank zero and 
let a : G rx A be a strongly outer action of a finite group G. Suppose that A has finitely 
many extremal traces. Then a has the tracial Rohlin property. 

Proof. One can prove this statement by using Kishimoto's technique developed in [13|. [14} 
I15j . We sketch a proof for the reader's convenience. Let p, M and a be as in the proof 
of Theorem 13.41 The proof of Theorem 13.41 (3) tells us that there exists a sequence of 
projections (p n ) n in M such that 

llt^Pnllk ->■ 0, \\p n a g (pn)h -> and T (Pn) 1/\G\ 

for all x E M, g £ G\{e} and r G T(M) as n — > oo. By [33j Lemma 2.15], we may replace 
the projections p n with p(e n ), where the e n 's are projections in A. From [2S1 Proposition 
4.1], we can conclude that a has the tracial Rohlin property. □ 

The following theorem is due to N. C. Phillips. 

Theorem 5.2 ([35, Theorem 2.6]). Let A be a unital simple separable C* -algebra with 
tracial rank zero. Let a : G rx A be an action of a finite group G on A which has the 
tracial Rokhlin property. Then A x Q G has tracial rank zero. 

Using the theorems above, we can show the following. 

Theorem 5.3. Let A G Cq and let a : G rx A be a strongly outer action of a finite group 
G. Suppose that A has finitely many extremal tracial states. Then ix a G belongs to C. 

Proof. Clearly Ay\ a G is unital and separable. By |12} Theorem 3.1], Ay\ a G is simple. By 
TheoremllTTOl Ax a G is ^-stable. By Theorem O and E2 (A®Q) x a ®i&G = (Ay\ a G)®Q 
has tracial rank zero, where Q is the universal UHF algebra. Hence A x a G belongs to 
C. ^ □ 

We now turn to Z-actions. See [1 3|. Definition 1.1] or |16} Definition 4.1] for the 
definition of the Rohlin property for Z- actions. 

Lemma 5.4. Let A be a unital simple AH algebra with real rank zero and slow dimension 
growth. Suppose that A has finitely many extremal traces. Let a : Z rx A be a strongly 
outer action. Suppose further that (j4oo) q admits a unital embedding of a UHF algebra. 
Then a has the Rohlin property. 

Proof. We regard a as a single automorphism. By |26[ Theorem 4.7], it suffices to show 
that a possesses the tracial cyclic Rohlin property in the sense of [23]. Suppose that we are 
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given m E N and e > 0. The proof uses a technique developed in [T3]. Choose fci,^ eN 
so that 

1 1 , h + k 2 , 

- — I = < e and — > v 1 — e. 



A;i y/k[ ' 2k 1 + k 2 -l 

Put I = m{2k 1 + k 2 - 1). 

As in the proof of Theorem 14, 7} we say that x E ^4°° converges uniformly to 9 E C 
on T(A) if max TgT (^)|r(x n ) — 9\ — > as n — > 0, where {x n ) n is a representative of x. 
By (the proof of) [261 Theorem 4.2] and Remark 12.101 for any I E N, one can find a 
projection e E converging uniformly to l/l on T(t4) and satisfying ea l (e) = for all 
i = 1,2,... ,1—1. Choose E M so that - e) 1/2 < < - e) 1/3 . Since there 

exists a unital homomorphism from a UHF algebra to (vloo)", we can find a projection 
/ E (Aqo)" converging uniformly to 9 on T(A). It follows from [26, Lemma 3.7] that there 
exists a partial isometry v E such that v*v = f and vv* < e. Put e' = vfv* and 
it; = a(v)v* . Then e' is a projection in which converges uniformly to 9 on T(^4) and 
satisfies e'a l {e') = for all i = 1, 2, ... , i— 1. In addition, w is a partial isometry in 
satisfying w*w = e' and ww* = a(e'). Then we can mimic the argument in |13|. Lemma 
4.3] and obtain a projection p E satisfying 

2fci+fc 2 -2 

p< oP m (e\ pa t (p) = for any i = 1, 2, . . . , m— 1 

i=o 

and 

||p-a m (p)|| < — + <£. 

Besides p converges uniformly to 9{k\ + ^2) on T{A) and 

+ fc 2 ) > r x (l - e) 1 /^^ + k 2 ) > m-\l - e). 

Since e > is arbitrary, we can conclude that a has the tracial cyclic Rohlin property. 
See also [23, Theorem 3.4] or [26 s Theorem 4.4]. □ 

We would like to recall A. Kishimoto's results for automorphisms of unital simple AT 
algebras with real rank zero. For a unital C*-algebra A, Inn(^4) stands for the group of 
approximately inner automorphisms of A and Hlnn(yl) stands for the subgroup of Inn(yl) 
consisting of automorphisms homotopic to an inner automorphism. Evidently Hlnn(A) is 
a normal subgroup of Inn(yl). 

Theorem 5.5 ( |16l Corollary 2.3]). Let A be a unital simple AT algebra with real rank 
zero. Suppose that A has a unique trace and K\{A) 7^ Z. Then Inn(yl)/HInn(j4) is 
isomorphic to 

E^(K 1 (A),K (A))®Eid(K (A),K 1 (A)). 

See |17[ Corollary 3.5] and [24 [ Theorem 6.3] for further developments of the theorem 
above. 

Theorem 5.6 ( [161 Corollary 6.7]). Let A be a unital simple AT algebra with real rank 
zero and with a unique trace. Let B be a UHF algebra and let a E HInn(^4) . Then a has 
the Rohlin property if and only if (A x a Z) <g> B is a unital simple AT algebra with real 
rank zero and with a unique trace. 
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See [TGJ Theorem 6.4] and [T71 Remark 3.7] for relevant results. 
We need one more lemma. 

Lemma 5.7. Let A be a unital nuclear C* -algebra with a unique trace and let a G Aut(-A). 

Let k G N and let C = A x Q k Z. Then there exists an action 7 : Z/kZ rx C (g) suc/i 

(C Mfc) x 7 Z/A;Z ^(A» a Z)8 M fc . 
Moreover, if the Z- action generated by a is strongly outer, then 7 is also strongly outer. 

Proof. Let j3 : Z/kZ rx A x Q Z be the restriction of the dual action a : T rx A xi a Z to 
Z/kZ C T. Then it is easy to see (A x Q Z) x^Z/ZcZ ^ C®M k . Indeed (A x Q Z) x^Z/fcZ 
is the universal C*-algebra generated by ^4 and two unitaries u, v satisfying 

uau* = a(a), vav* = a \/a £ A, vuv* = exp(27iV— l/k)u, v k = 1. 

The C*-subalgebra B generated by A and v is clearly isomorphic to A ® C*(Z/kZ) = 
A <8> C n . Let p £ B be a minimal central projection corresponding to a minimal central 
projection in C n . Then we have p + upu* + • • • + u k ~ 1 pu 1 ~ k = 1, and so {u l pu~^)ij is a 
system of matrix units. It is easy to see that p((A x a Z) x^ Z/kZ)p is generated by Ap 
and u k p. Therefore (A x a Z) x^ Z/kZ is isomorphic to C <%> M^. By the Takesaki-Takai 
duality, one has 

(A x Q Z) X£ Z/feZ x * Z/A;Z ^ (A x Q Z) ® Af fc . 

Hence there exists 7 : Z/kZ rx C (g> M fc such that (C ® M fc ) x 7 Z/fcZ = (4x a Z)®I t . 

Assume further that the Z-action generated by a is strongly outer. Let T(A) = {r}. 
By |14^ Lemma 4.3], A x Q Z has a unique trace. Since the Z-action generated by a k is 
also strongly outer, (A>i a Z) y\ pZ/kZ = C ® has a unique trace, too. We denote these 
tracial states by the same symbol r. Let a be the weak extension of a to tt t (A)" and 
let j3 be the weak extension of f3 to tt t (A x a Z)" . The action (3 is canonically identified 
with the restriction of the dual action of a to Z/kZ. It is well-known that tt t (A x q Z)" 
is the hyperfinite Ili-factor and that the dual action of a on ir T (A x Q Z)" is outer. It 
follows that ft is outer (i.e. (3 is strongly outer). Then ir T ((A x a Z) x^ Z/kZ)" is again 
the hyperfinite Ili-factor and the dual action of j3 is also outer. The weak extension of 
f3 : Z/kZ rx (A x a Z) x^ Z/kZ is canonically identified with the dual action of /3 on 
tt t ((A x Q Z) x^ Z/kZ)". Therefore /3 is strongly outer. □ 

Combining these statements with the results obtained in the previous section, we can 
prove the following theorem. 

Theorem 5.8. Let A G Co and let a : Z rx A. Suppose that A has finitely many extremal 
tracial states. Then the following are equivalent. 

(1) a is strongly outer. 

(2) a has the weak Rohlin property. 

(3) T(A) a is isomorphic to T{A x Q Z) via the inclusion of A into A x a Z. 

(4) (A x a Z) (g) B has real rank zero for any UHF algebra of infinite type. 
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Furthermore, if A has a unique trace and there exists k G N such that Ki{ak) induces the 
identity on Ki(A) (8 Q for i = 0,1, then the four conditions above are also equivalent to 
the following condition. 

(5) A x Q Z belongs to Cq. 

Proof. (l)-w>(2) is shown in Theorem l3,4[ (2)=>(3) is shown in Remark l2.81 (3)=>(1) follows 
from Proposition 2.3 and Remark 2.4 of |15j . (4)=>(3) follows from [15^ Proposition 2.2]. 
Indeed (4) implies 

(r <8 rs) o (a t ® ids) = t®tb 

for r G T(^4 x a Z), G T(.B) and i 6 T, and sorod t = T. 

In order to prove (1)=^(4), we assume that a is strongly outer. Let flbea UHF algebra 
of infinite type. By the definition of Co and Remark 12.61 (1), A <8 B is a unital simple AH 
algebra with real rank zero and slow dimension growth. In addition A B has finitely 
many extremal traces. By Remark 12.91 a (8 id : Z rx A ® B is strongly outer. Then by 
Remark 12. 101 and [26, Theorem 4.2], a<g>id : Z rx A®B has the tracial Rohlin property. It 
follows from |18t Theorem 3.4], |19t Theorem 6.8] and [32^ Theorem 4.5] that the crossed 
product (A (8 B) x^id Z=(4x a Z)(<)B has real rank zero. 

(5)=^(4) follows trivially from the definition of Cq and Remark 12.61 (1). 

The implication from (1) to (5) needs the full assumption. We regard a as a single 
automorphism. First, A x a Z is unital, separable and nuclear. In addition, it satisfies the 
UCT. Simplicity follows from [12\ Theorem 3.1]. Corollary 14.101 implies that A x Q Z is 
instable. It remains for us to show that (A x a Z) (8 Q has tracial rank zero, where Q is 
the universal UHF algebra. We first claim that C = (A^ a t has tracial rank zero. 

Since Ki(a k (8 id) = id on K{(A (8 Q) for i = 0, 1 and A (8 Q is a unital simple AT algebra 
with real rank zero, by |36t Corollary 3.2.8], a k <8 id is in Inn(yl (8) Q). Clearly A (8 Q has 
a unique trace and Kx{A ® Q) / Z. For i = 0, 1, (8 Q) = Ki(A) (8 Q is divisible, and 

so Exb(Ki(A (8 Q), i£i_j(v4 <8 Q)) is zero. Hence Theorem 15.51 tells us that a k <8 id belongs 
to Hlnn(yl). By Lemma EH (or [15j Theorem 2.1]), a k (8 id € Aut(^4 (8 Q) has the Rohlin 
property. It follows from Theorem 15.61 that (A® Q) x tt k 8id Z = C is a unital simple AT 
algebra of real rank zero with a unique trace. By Lemma [521 there exists a strongly outer 
action 7 : Z/£;Z C (8 such that 

(C (8 M fc ) x 7 Z/fcZ ((A ^ Q) x a0id Z) (8 M*. 

By virtue of Theorem 15.11 and Theorem 15.21 this algebra has tracial rank zero. By [19^ 
Theorem 5.4], we can conclude that (A (8 Q) x a ®id Z = (A x a Z) (8 Q has tracial rank 
zero. □ 

The following corollary is a generalization of [161 Theorem 6.4] (compare also [26} 
Theorem 4.8]). 

Corollary 5.9. Let A be a unital simple AH algebra with real rank zero and slow dimension 
growth and let a : Z rx A. Suppose that A has finitely many extremal tracial states. Then 
the following are equivalent. 

(1) a is strongly outer. 



23 



(2) a has the weak Rohlin property. 



(3) T{A) a is isomorphic to T{A x Q Z) via the inclusion of A into A x a Z. 

(4) A x Q Z has real rank zero. 

Furthermore, if A has a unique trace and there exists k £ N such that K^a^) induces the 
identity on Ki(A) ® Q for i = 0, X, then the four conditions above are also equivalent to 
the following condition. 

(5) A x a Z is a unital simple AH algebra with real rank zero and slow dimension growth. 

Proof. The equivalence among (1), (2) and (3) is the same as Theorem 15.81 (4)=^(3) and 
(1)=>(4) are also shown in the same way. (5)=^(4) is trivial. (1)=^(5) follows from Theorem 
15.81 Remark 12.61 (4) and the classification theorem [20|, Theorem 5.2]. □ 

6 Homotopy of an almost invariant unitary 

In this section we establish Lemma [6.4[ The following lemma is a corollary of [U Theorem 



Lemma 6.1. For i = 1,2,3 and n £ N, let Ui }Tl be a unitary of M<i n . Suppose that the 
following hold. 

(1) For any i,j = 1,2,3, ||[^,n,Wj>]|| -> as n ->• oo. 

(2) For any i,j = 1,2,3 and n£N, tr(\og(ui )n Uj tn u* n u*j n )) = 0. 

(3) For any j 2 , j 3 ) £ 1? \ {(0, 0, 0)}, tr(u{) n u^ n u^ n ) as n -> oo. 
Then there exist unitaries u' in £ M^ n such that 



for any i,j = 1, 2, 3 and n G N. 

Proof. By (1), the sequences (nj jn ) n of unitaries induce a unital homomorphism ip : 
C(T 3 ) -)• U M d n /®M dn . Condition (2) implies that K (ip) kills the three Bott elements 
in Kq(C(T 3 )). In other words, K*((p) equals the map induced by a unital homomor- 
phism which factors through C. By (3), for any / £ C(T 3 ), letting (x n ) n £ Yl Md n be a 
representative of (f(f) one has 



where dt is the normalized Haar measure on T 3 . It follows from Theorem 1.5 of [6] (and its 
proof) that the homomorphism <p lifts to a unital homomorphism from C(T 3 ) to n^dn- 



1.5]. 



lim lK,n - Ui, n 



and «j-,J = 




The proof is completed. 



□ 



24 



Remark 6.2. The lemma above fails if one removes the assumption (3). Indeed, as 
shown in [36] and [H Theorem 2.3], there exist sequences (di,n)n> * = 1)2,3, of self- adjoint 
matrices of norm one such that || [ai jn , aj jV ]\\ — > as n — > oo for any i,j = 1,2, 3, yet there 
exist no commuting triples (a' in ) n of self-adjoint matrices satisfying ||aj jn — a' in \\ — > as 
n — >■ for i = 1, 2, 3. Then the unitaries iij jn = exp(7r v 7 — lai, ra /2) give a counter example. 

We let £i = (1,0) and £2 = (0, 1) denote the generators of Z 2 . 

Lemma 6.3. Let B be a UHF algebra of infinite type with a unique trace r and let 
a : 1? rx B be a strongly outer action. For any finite subset F C B and e > 0, we can 
find a finite subset G C B, 5 > and m G N such that the following holds: If w G U(B) 
satisfies 

\\w — a^(w)\\ < 5, T(log(wa^(w*))) = 0, || [w, a]\\ < S and \t(w j )\ < 5 

for any i = 1, 2, a G G and j G Z < \j\ < m, then there exists a path of unitaries 
w : [0, 1] U(B) such that 

w(0) = 1, u>(l) = — II < e anc ^ II [^(*)> °] II < e 

/or aZZ i G [0, 1] and a G F. In addition, if F = 0, t/ien G = is possible. 

Proof. Let (d n ) n be a sequence of natural numbers such that d n < d n+ \ and 

B M dl ® M d2 ® M d3 (8) . . . . 

We regard B n = ® • • • ® M^ n as a subalgebra of B. Let x n £ B n (l B' n _ 1 be a unitary 
whose spectrum is \ k = 1, 2, . . . , d n }, where £ n = exp(27T\/— l/d n ). Let y ra G B n nB' n _ 1 
be a unitary such that y n x n y*n = Cn^n- Set z n = x\X2 ■ ■ ■ x n G B n and define a G Aut(f?) 
by cr = limAdz n . Define (3 : 1? rx B ® by /S(i,o) = o~ ® id and /3(o,i) = id®o". By 
Corollary 6.6 and Remark 6.7 of |11| . a and j3 are strongly cocycle conjugate, and so they 
are approximately conjugate in the sense of \27\ Definition 7 (1)]. Hence it suffices to show 
the assertion only for /3. The unique trace on B ® B is also denoted by r. 
We first consider the case F = 0. Suppose that w G U(B ® B) satisfies 

\\w - %0)|| < S, T(log(wP^(w*))) = and \r(w j )\ < 5 

for any i = 1,2 and j G Z with < |j| < m. We may assume that w belongs to B n -\<S>B n -i 
for some (large) n G N. Let ui = z n ® 1 and U2 = 1 ® £ n - Then one has 

|| [to, itj] || < 5 and T(log(wuiW*u*)) = 
for i = 1,2. For any (ji,j 2 , J3) G Z 3 , 

T^ufW 3 ) = r((y n ® l^ufV 3 ^ ® 1)*) 

= r((y n ® l)(z n (8) l)^(?/n ® 1)*4 2 ^' 3 ) = 4' ''•")• 

and so rfw^u^w 73 ) = if < |ji| < d n . Similarly if < |j2| < c? n , then t^w^u^w 33 ) = 0, 
too. By the assumption, l^w;- 73 )! < 5 for any j'3 G Z with < < in. Therefore, if 
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5 > is small enough and m G N is large enough, then the lemma above implies that 
the triple (ui,U2,w) can be approximated by a commuting triple of unitaries in B n ® B n . 
Consequently we can obtain the desired path of unitaries w : [0, 1] — > U(B n ® B n ). 

When F ^ 0, we can choose k G N so that B^ ® B^ contains F approximately. By 
letting G be a sufficiently large finite subset of the unit ball of B^ ® Bf~, we may assume 
that the unitary w is in the relative commutant of B^® B^. Then the same argument 
works for the relative commutant. □ 

Lemma 6.4. Let B be a UHF algebra of infinite type with a unique trace r and let 
a :7? rx B be a strongly outer action. For any finite subset F C B and e > 0, we can 
find a finite subset G C B and 5 > such that the following holds: If w G U (B) satisfies 

\\w — a^(w)\\ < 5, T(log(wa^ i (w*))) = and \\[w,a]\\<5 

for each i = 1,2 and a G G, then there exists a path of unitaries w : [0, 1] — > U(B) such 
that 

w(0) = 1, w(l) = w, \\w(t) — a^(w(t))\\ < e and \\[w(t), a] \\ < e 
for all t G [0, 1] and a G F. In addition, if F = 0, then G = is possible. 

Proof. By Corollary 6.6 and Remark 6.7 of [TT], we may replace (B, a) with (B®B, a®id). 
Suppose that we are given a finite subset F C B ® B and e > 0. Applying the lemma 
above to F and e/2, we get GcB®B,5>0 and m G N. We would like to show that G 
and 5 meet the requirement. 

Suppose that w £ U(B ® B) satisfies 

\\w — (a^ ® id)(u>)|| < 5, r(log(w(a^ ®id)(iu*))) = and ||[u;, a]\\ < 5 

for every i = 1,2 and a £ G. We can find cc,y G U(C ® B) such that yxy* = 
[a;, a] « and [y, a] w for any a G G U {u;}, where £ = exp(2ir\/—l/n) for some n > m. 
Moreover we may assume that there exists a path of unitaries x : [0, 1] — > U(C <S> B) such 
that x(0) = 1, x(l) = X and ||[x(t),a]|| < e/2 for all t G [0,1] and a G F. The same 
argument as in the proof of the lemma above shows that t^wx) 3 ) ~ for any j G Z with 
< |j| < m. Hence we can apply the lemma above to wx and obtain a path of unitaries 
w : [0, 1] -)• U(B (8) 5) such that 

u)(0) = 1, u)(l) = wa;, ||tZ>(t) - (a 6 <8> id)(u)(t))|| < e/2 

and || [«;(£), a]|| < e/2 for all t G [0,1] and a G F. Then the path t H> w{t)x(t)* does the 
job. □ 

7 Uniqueness of Z 2 -actions on the Jiang-Su algebra 

In this section we will prove that all strongly outer actions of Z 2 on the Jiang-Su algebra 
Z are strongly cocycle conjugate to each other (Theorem 17. 9p . We let u denote the unique 
tracial state on Z. 
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Let a : Z 2 rx A be an action of Z 2 on a unital C*-algebra A such that a g is approxi- 
mately inner for every g £ Z 2 . We let £1 = (1,0) and £2 = (0, 1) denote the generators of 
Z 2 . A pair of unitaries (u\,u 2 ) in A is called an almost a-cocycle ( [111 Section 3]), when 

\\u\a^(u 2 ) - u 2 a^ 2 (ui)\\ < 1. 

We say that an almost a-cocycle (ui, u 2 ) is admissible if u±, u 2 G £7 (-A)o and the associated 
element 

k(ui, u 2 ,a^,a^ 2 ) G i^o(^) 
(see [TTJ Section 3] for the definition) is zero. 

Lemma 7.1. Let a : Z 2 rx Z be an action of 1? on Z. Then any almost a-cocycle is 
admissible. 

Proof. This immediately follows from [1 H Lemma 3.1], because Kq(Z) = Z. □ 

Lemma 7.2. Let B be a UHF algebra with a unique trace r and let a : J? rx B be 
a strongly outer action. For any finite subset F C B and e > 0, we can find a finite 
subset G C B and 5 > such that the following holds: Lf (1*1,1*2) is an admissible almost 
a-cocycle in B satisfying 

\\u\a^{u 2 ) — u 2 a^ 2 {u\)\\ < 5 and \\ [m, a]\\ < 5 

for i = 1, 2 and a £ G, then there exists a unitary v G B such that 

\\ui — va^(v*)\\ < e and \\[v,a]\\<e 

for i = 1, 2 and a £ F. In addition, if F = 0, then G = is possible. 

Proof. Note that a is uniformly outer by Remark 12.101 It follows from |27( Theorem 3] 
that a has the Rohlin property. The proof is by contradiction. Assume that there exist 
a finite subset F C B and e > such that the assertion does not hold. We choose an 
increasing sequence {G n }^lQ of finite subsets of B whose union is dense in B. From the 
hypothesis, for each n E N, W6 would find an admissible almost cv-cocycle {ui,m 

u 2)Tl ) in B 

satisfying 

\\u ljn a h (u 2 ,n) ~ u 2>n a&(ui >n )\\ < l/n and \\[u i)n , a]\\ < 

for i = 1, 2 and a £ G n , and such that there does not exist a unitary v £ B satisfying 

\\ui >n — va£ i (v*)\\ <e and ||[t>,a]|| <e 

for i = 1, 2 and a G F. Notice that (ui tn ) n is a central sequence for i = 1, 2. Let Ui £ B^ 
be the image of (uj jn ) n . Then one has uia^u-i) = u 2 a^ 2 {u\), and so the pair of unitaries 
(iti,u 2 ) gives rise to an a-cocycle in (see [HJ Section 2]), which is admissible because 
every (iti jn , it2,n) is admissible. Thanks to [111 Theorem 4.8], one can find a unitary v £ B^ 
such that Ui = va^(v*) holds for i = 1, 2. This is a contradiction. 

In the case that F is empty, we can argue in the same way as above using |111 Theorem 
4.7] instead of pH Theorem 4.8]. □ 
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Lemma 7.3. Let B be a UHF algebra of infinite type with a unique trace r and let a : 
Z 2 r% B be a strongly outer action. For any finite subset F C B, e > and r £ t(Kq(B)) 
with \r\ < 1/2, there exists v £ U(B) such that 

\\v - a^(v)\\ < \ e 2w v~ Tr - 1| +e, \\v - ct£ 2 (v)\\ < e 

T(log(va^(v*))) = 2n\^lr, r(log(va^ 2 (v*))) = 
and || [v, a] || < e for every a £ F. 

Proof. By Corollary 6.6 and Remark 6.7 of [TT], a is strongly cocycle conjugate to a 
product type action 7 (constructed in [Til Lemma 5.3] for example). For such 7, we can 
prove the assertion by the technique used in the proof of |11| Lemma 6.2]. □ 

Lemma 7.4. Let B be a UHF algebra of infinite type with a unique trace r and let 
a :1? r\ B be a strongly outer action. For any finite subset F C B and e > 0, we can find 
a finite subset G C B and 6 > such that the following holds: If (ui,U2) is an admissible 
almost a-cocycle in B satisfying 

\\uia£ 1 (u2) — v,2CX£ 2 (ui)\\ < 5, \\[ui,a]\\<5 and A T (uj) = 
for i = 1, 2 and a £ G, then there exists a unitary v G B such that 

\\ui — va^(v*)\\ < e, [|[«, o]||<£ and r(log(v* Uia^ z (v))) = 
for i = 1, 2 and a £ F. In addition, if F = $, then G = is possible. 

Proof. Suppose that we are given F C B and e > 0. By applying Lemma 17.21 to F and 
e/2, we obtain a finite subset G C B and 5 > 0. We would like to show that G and 5 meet 
the requirement. For (ui,U2) as above, there exists t> G U(B) such that 

||uj - va^{v*)\\ < e/2 and || [v, a] \\ < e/2 

for i = 1, 2 and a £ F. Define hi £ B by 

hi = - log(v* Uia^v)). 

Z7T y — 1 

From A T (v,i) = 0, one also obtains r(/tj) G t(Kq(B)). By using Lemma 17.31 twice, we can 
find a unitary vq £ B such that 

IN - «&( v o)|| < e/2, T(log(i> a ?i (>o))) = 2vr v /r lT(/i i ) 

for each i = 1,2 and ||N,a]|| < e/2 for every a £ F. Then 

T(\og{v* v*Uia^(vvo))) = T(log(v*Uia^(vvo)vQ) 

= r(log(w*UiQ! Si (u))) +T(log(a^0o)t>o)) 
= 

for each i = 1,2. Replacing w with toq, we can complete the proof. □ 
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Lemma 7.5. Let a : Z 2 r\ Z be a strongly outer action ofZ, 2 on Z. For any finite subset 
F C Z and e > 0, there exist a finite subset G C Z and 5 > such that the following 
holds: If (ui,U2) is an almost a-cocycle in Z satisfying 

A w (ui) = A w (ii 2 ) = 0, \\uia^(u2) - U2Ct&(ui)\\ < 5 

and \\[ui, a] || < 5 for any a € G and i = 1,2, then there exists a unitary v € Z Z such 
that 

\\m 1 - v(a^ 0id)(u*)|| < e and ||[w,a (g> 1]|| < e 
for any a £ F and % = 1, 2. In addition, if F = 0, £/ien G = is possible. 

Proof. According to [351 Proposition 3.3], the Jiang-Su algebra 2 contains a unital subal- 
gebra isomorphic to 

Z = {/ € C([0, 1], S S x ) I /(0) £5 ®C, /(l) 6 C® Bx}, 

where Bq and -Bi are the UHF algebras of type 2°° and 3°°, respectively. We identify Bq 
and B\ with Bq C and C Bi . Set B = Bq® B\ and denote the unique trace on 2®B 
by r. By Remark 12.91 a id on Z i?j and 2 £ is strongly outer. 

The proof is by contradiction. Suppose that {u\ jn ) n and («2,n)n are central sequences 
of unitaries in Z satisfying 

Au(ui, n ) = A w (n 2i n) = and lim ||ui,„a 5l (n 2j „) - u 2 n a£ 2 (tix, n )|| = 0. 

n— >oo 

By Lemma [7.11 (ui, n ,«2,n) is an admissible almost a-cocycle (if n is sufficiently large). 
Therefore («x,n l,U2,n 8) 1) is an admissible almost a id-cocycle in Z l?j for each 
j = 0,1. Evidently one has A r (uj in 1) = for i = 1,2. Applying Lemma 17.41 to 
a id : 1? r\ Z Bj, we obtain a central sequence of unitaries (vj >n ) n in Z Bj such 
that 

lim \\u in 1 - ® id)(v* n )\\ = 

and 

r(log(Uj t )n (u i) „ l)(a fi id)(v jjn ))) = 0. 

Put w n = Vq n vi >n . Then w n is a central sequence of unitaries in Z B and ||u; n — (ag. 
id)(u> n )|| — > as n — > oo for each i = 1,2. Moreover, 

r(log(u> n (a fi ® id) («;*))) 
= T(log(vl n v 1>n (a(. t 0id)(^ n u o ,n))) 
= r(log(ui jn (a 5i id)(ux in w ,„)^,„)) 
= r(log((« iin l)*v ltn (a^ id)(t>i in uo,„)wo in (nj in 1))) 
= T{\og({u i>n l)*ui ) „(af j id)(vl n ))) + r(log(a 5i (t> ,„)f(5 )n (ui,n 1))) 
= 0. 

By virtue of Lemma l6.4( there exists a central sequence of unitaries (w n )n i n C([0, 1], Z®B) 
satisfying 

tD„(0) = 1, u> n (l) = w n 
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and 



lim sup \\w n (t) - (at ® id)(u) n (t))|| = 0. 
n ^°°ie[o,i] 



We define a central sequence of unitaries (v n ) n in C([0, 1] , iJ (8) B) = Z eg) C([0, 1],-B) by 
v n (i) = vo tn w n {t). It is easy to see that v n \s m. Z Z and 

lim ||tti„ <g) 1 — u n (a& ® id)(u*)|| = 

for each i = 1, 2. The proof is completed, because Z <S> Z is a subalgebra of i? (X 1 -2. □ 

Theorem 7.6. Let Z be a strongly outer action of Z 2 on Z. For any finite 

subset F C Z and e > 0, there exist a finite subset G C Z and 5 > such that the 
following holds: If (ui,v,2) is an almost a-cocycle in Z satisfying 

A w (ui) = A w (-u 2 ) = 0, ||uiQ fl (n 2 ) - u 2 a ii2 {u 1 )\\ < 5 

and ||[iij,a]|| < 5 for any a £ G and i = 1,2, then there exists a unitary v £ Z such that 

\\ui — vct£.(v*)\\ < e and a]||<e 

for any a E F and i = 1, 2. In addition, if F = 0, then G = is possible. 

Proof. By Corollary 14.101 (Z, a) is strongly cocycle conjugate to (Z ® Z, a® id). As Z 
is isomorphic to the infinite tensor product of Z, the assertion follows from the lemma 
above. □ 

Lemma 7.7. Let a, (3 : 1? r\ Z be two strongly outer actions ofZ, 2 . Then there exist 
u\,U2 £ U(Z°°) such that ma^fuj) = u 2 a£ 2 (ui) and 

= (Ad«i oa 6 )(a) 

for any a £ Z and i = 1,2. 

Proof. By |401 Theorem 1.2] and [41 1 Theorem 1.3], there exist [i E Aut(-Z) and v\ E J7 (2) 
satisfying /i o o / u _1 = Ad vi o aA on iJ. Since any automorphism of Z is approximately 
inner, we can find x E U(Z°°) such that 

(pfe o lT 1 ){o) = (Adsoa 6 )(a) 

for all a E i?. It is easy to see that y = via^ 1 (x)(xa^ 2 (vi))* is a unitary in Z^. From 
the definition, y has a representative sequence (y n )n E £°°(N, -Z) satisfying A^(y n ) = 0. It 
follows from |41l Theorem 5.3] that there exists z E U{Z 00 ) satisfying 

y* = z(Kdvi o a^)(z*). 

Set V2 = z*x E Z°°. One obtains via^fa) = V20l^ 2 {v\) and 

(H o f3^ 2 o /i _1 )(a) = (Ad-u 2 o a^ 2 )(a) 

for any a £ Z. As fi £ Aut(Z) is approximately inner, there exists iu E U(Z°°) such that 
//(a) = Adw(a) for every a £ Z. Put Uj = w*ViCt£ i (w) for i = 1,2. Then m and u 2 meet 
the requirement. □ 
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Theorem 7.8. Let a, (3 : 1? r\ Z be two strongly outer actions of 1? . For any finite 
subset F C Z and e > 0, there exist U\,U2 £ U(Z) such that u\ol^ 1 {u2) = U2a^ 2 {u\) and 

ll/%(a)-(Adiiioa 6 )(a)|| <e 

for any a £ F and i = 1, 2. 

Proof. Lemma 17.71 yields an almost a-cocycle (1*1,^2) in Z such that 

\\uia^(u 2 ) - u 2 a^ 2 {ui)\\ « and ||%(a) - (Aduj o a ?i )(o)|| < e/2 

for any a £ F and i = 1,2. Clearly we may further assume A w (ui) = A 0J (u2) = 0. Prom 
Theorem 17.61 we get v £ U (Z) satisfying 

\\ui-va (i (v*)\\ <e/2 

for i = 1,2. Therefore the unitaries va^{v*) and to^ 2 (i;*) do the job. □ 

Theorem 7.9. Any two strongly outer actions of 7? on the Jiang-Su algebra Z are strongly 
cocycle conjugate to each other. 

Proof. The proof is carried out by the Evans-Kishimoto intertwining argument. In each 
step of this argument, we have to use Theorem 17.81 and Theorem 17.61 repeatedly. We omit 
the detail, because it is exactly the same as [25, Theorem 5.2]. □ 



8 Cocycle actions of Z 2 

In this section we determine when a strongly outer cocycle action of Z 2 on a UHF algebra 
or the Jiang-Su algebra is equivalent to a genuine action. 

Let a be an automorphism of a unital C*-algebra A. For a unitary u G U (A)q satisfying 
\\u — a(u)\\ < 2, an element k(u, a) in Coker(id — Kq(o)) is introduced in [9j Section 7]. 
The element k(u, a) is obtained from the ifi-class of the path v : [0, 1] — >• U (A) such that 
v(0) = v(l) = 1 and 

\\x{t)a(x{t))* -v{t)\\ < 2, 

where x : [0, 1] — > U(A) is a path such that x(0) = 1 and x(l) = u. In what follows, we 
consider only the case that a is approximately inner. Thus k(u,cx) is in Kq(A). When 
T(A) is not empty, for r G T(A), it is easy to see that 

t(k(u,o)) = — — =r(log(ua(«*))). 

Z7Ty — 1 

In particular, \t(k(u, a))\ is less than 1/2. Hence, if A is Z, then k(u, a) is always zero. 

Lemma 8.1. For any e > there exists 5 > such that the following holds. Let A be a 
unital simple AF algebra with finitely many extremal traces and let a be an approximately 
inner automorphism of A such that the Z- action generated by a is strongly outer. If 
u £ U (A) satisfies 

\\u — a(u)\\ < 5 and n(u,a) = 0, 
then there exists a path of unitaries w : [0,1] — > U (A) such that 

w{0) = l, w(l)=u, \\w(t) - a(w(t))\\ < e 
for all t G [0, 1] and Lip(w) < 4. 
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Proof. Clearly A is of infinite dimensional. Applying [U\ Lemma 4.2] to e, we obtain a 
positive real number 5 > 0. We may assume 5 < 2. 

Let x n be a unitary of M n (C) whose spectrum is {Q k \ k = 0, 1, . . . , n— 1}, where 
C = exp(2-7r^/— 1/n). One can hnd an increasing sequence {j4 n }^-L of unital finite dimen- 
sional subalgebras of A such that (J n A n is dense in A and there exists a unital embedding 
7r n : M n M n+ i ->• n A' n _ x . Let y n = 7r n (a; n and z n = yiy 2 . . . y n . Define an 

automorphism a of A by cr = linin-s.oo Ad z n . Then a is an approximately inner automor- 
phism with the Rohlin property. In particular, the Z-action generated by a is strongly 
outer. 

We would like to show that the assertion holds for a. Suppose that u G U(A) satisfies 
||u — cr(u)\\ < 5 and k(u,o) = 0. Without loss of generality, we may assume that there 
exists n G N such that u G A n . From the assumption, there exists m > n such that 
k(m, Ad z m ) is zero in Ko(A m ). Therefore, by [UJ Lemma 4.2], one can find a path of 
unitaries w : [0, 1] — )■ U(A m ) such that 

w(0) = 1, W(1)=U, \\[Zm,w(t)]\\ < £ 

for all t £ [0, 1] and Lip(iu) < 4. Then w is a desired path because a(w(t)) = z m w(t)zm- 

Suppose that a is an approximately inner automorphism of A such that the Z-action 
generated by a is strongly outer. It is well-known that a and a are strongly cocycle 
conjugate (see [HI [TBI [26]). Hence the assertion also holds for a. □ 

The following is an adaptation of [H Lemma 7.9]. 

Lemma 8.2. For any e > 0, there exists 5 > such that the following holds. Let A 
be a unital simple AF algebra with a unique trace and let a, f3 be approximately inner 
automorphisms of A such that a m o j3 n is not weakly inner for all (m, n) G Z 2 \ {(0, 0)}. 
Let u and w be unitaries in A such that 

(3 o a = Adw o a o /3, \\w — 1|| < 5, \\u — a(u)\\ < 5 and k{u, a) = 0. 

Then there exists a unitary v G A such that 

\\v — a(v)\\ < s and \\u — vf3(v)*\\ < e. 

Proof. Choose m G N so that 4/m < e. Applying the lemma above to e/2, we obtain 
5' > 0. Choose 6 > so that (3m+l)6 < 5' and (5m-2)6 < e/2. 

By [2S1 Theorem 5.5], there exist projections e and / in such that 

a(e)=e, «(/) = /, /3 m (e) = e, = / 

and 

m—l m 

£/3Xe)+X>'(/) = l- 

i=0 j=0 

Define G Z7 (A) for k = 0, 1, . . . by no = 1 and n^+i = uf3(uk). By an elementary 
estimate, we obtain 

\\u k - a{u k )\\ < (3k - 2)5 

for any k G N. Moreover, from [9j Lemma 7.5], we can see k(u)-,oi) = 0. By applying 
the lemma above to u m and ii m +i, we obtain a path of unitaries y and z such that the 
following hold. 
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• 2/(1) = = 1, y(0) = u m and z(0) = u m+i . 

• ||y(i) - a(y(t))\\ < e/2 and \\z(t) - a(z(t))\\ < e/2 for all t G [0, 1]. 

• Both Lip(y) and Lip(z) are less than 4. 
Define a unitary i> G ^4°° by 

m— 1 m 
« = £ Ufc /3 fc (y(A;/m))/3 fc (e) + £ u k (3 k {z{k/{m+l)))f3 k (f). 

k=0 k=0 

We can easily see \\u — v/3(v)*\\ < 4/m < e. Furthermore, 

\\v - a{v)\\ < (3m - 2)8 + 2m5 + e/2 < e, 

which completes the proof. □ 

One can show the following lemma in a similar fashion to Lemma 17,31 

Lemma 8.3. Let A be a UHF algebra with a unique trace r and let a be an automorphism 
of A such that the Z- action generated by a is strongly outer. Then for any e > and 
r £ t{Kq{A)) with \r\ < 1/2, there exists v 6 U(A) such that 

||v-a(v)|| < |e 27rv/rTr -1| +e, r(log(t;a(i;*))) = 2iryf^lr. 

Lemma 8.4. Let A be a UHF algebra with a unique trace r and let a be an automorphism 
of A such that the Z-action generated by a is strongly outer. Suppose that w £ U(A) 
satisfies \\w — 1|| < 2 and r(logw) = 0. Then for any e > there exists u G U{A) such 
that 

\\uwa(u*) — 1|| < £, \\u — ct(u)\\ < 2 and r(log(ua(u*)) = 0. 

Proof. We may assume e is less than 2 — \\w— The automorphism a has the stability, 
and so there exists u G U(A) such that \\uwa(u*) — 1|| < e/2. Then the rest of the proof 
is similar to Lemma 17.41 One can make use of Lemma 18.31 instead of Lemma 17.31 □ 

Proposition 8.5. For any e > 0, there exists 5 > such that the following holds. Let 
A be a UHF algebra with a unique trace r. Suppose that a, (3 G Aut(A) and w G U(A) 
satisfy 

(3 o a = Ad w o a o f3, \\w — 1|| < 6 and r(log w) = 0. 

Suppose further that a m o fi n is not weakly inner for all (m, n) G Z 2 \ {(0, 0)}. Then there 
exist a, b G U(A) such that 

||a — 1|| < e, ||6 — 1|| < e 

and 

b/3(a)wa{b)*a* = 1. 

In particular, 

(Ad a o Q ) o (Ad b o (3) = (Ad b o /3) o (Ad pa). 
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Proof. Using Lemma 18.21 and Lemma 18.41 one can prove this statement in the same way 
as [9j Proposition 7.10]. Notice that k(u, a) equals r(log(ua(u*))), because A is a UHF 
algebra. □ 

As in the previous section, we let £i = (1,0) and £2 = (0, 1) be the generators of Z 2 . 

Theorem 8.6. Let (a, u) be a strongly outer cocycle action of H? on a UHF algebra A 
with a unique trace t. 1/ A T (u(^, 6) M (6i (l)*) = 0; then (a,u) is equivalent to a genuine 
action. 

Proof. Let w = ufe, £2)*- Then 

a^ 2 o a^j = Ad w o o a^ 2 

and A T (w) = 0. In a similar fashion to Lemma 17.41 for any 5 > 0, one can find v £ U(A) 
such that \\a£ 2 (v*)wv — 1|| < S and r(log(a^ 2 (v*)wv)) = 0. Letting w' = a^ 2 (v)*wv, we 
have 

a^ 2 o (Ad v* o ) = Ad w' o (Ad v* o ) o a^ 2 . 
Then the conclusion follows from Proposition 18.51 □ 

Lemma 8.7. Let A be a UHF algebra of infinite type with a unique trace r and let 
a : 1? r\ A be a strongly outer action 0/Z 2 . Suppose that (u g ) g ^2 is an a-cocycle in A 
satisfying A T (u g ) = for any j £ Z 2 . Then there exists a continuous family (ut)tg[i )0 o) °f 
unitaries in A such that 

lim v t a g {v* t ) = u g 

t— >oo 

holds for every g £ Z 2 . 

Proof. By the remark following [11| Definition 3.2], (u g ) g is admissible. It follows from [11| 
Theorem 4.7] that we can find a sequence of unitaries (x n ) n in A such that x n a g {x* n ) — > u g 
for all g £ 1? . We may assume ||x n a^(x*) — U&W < 1/2 for any n 6 N and i = 1,2. For 
each n £ N and i = 1,2, 



2vr v /3 T 



r(Iog«« 6 a 6 (a? n ))) 



is in r(iTo(A)), because A T (x*n^a^(x n )) = A T (it^) = 0. By using Lemma EH twice, one 
can find a unitary y n £ A such that 

||y„ - a^(y n )\\ < ||x n a ?i (x*) - u^\\ + 1/n 

and 

r(log(y n a^(?/*))) = 2vr\/^Tr iin 

for each i = 1,2. Then 

T{\og{y* n x* n u^a^{x n y n ))) = r(log(x>&a&(x„))) + T(log(y*a&(y n ))) = 0. 
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Hence, by replacing x n with x n y n , we may assume r(log(x*ng i a^(x n ))) = for any n G N 
and i = 1, 2. Set u> n = x*x ra+ i. We have ||u> n — a^(w n )|| — > as n — > oo for each i = 1, 2. 
Moreover, 

T(log(w n a^(w^))) = T{\og(x* n x n+ ia^{x* n+1 x n ))) 
= T(log(x n+1 a^{x* n+1 x n )x* n )) 

= r(log(u|.s n+ ia Si (x* +1 ))) + r(log(a^(x n )x> 5i )) 
= 0. 

Therefore Lemma EH applies and yields a sequence (w n ) n of unitaries in C([0, 1], A) such 
that u) n (0) = 1, u> n (l) = % and 

lim sup \\w n (t) - ate^WnityW = 0. 
n ^°°te[o,i] 

Define v : [1, oo) — > U (A) by v n+ t = x n w n (t) for n G N and t G [0, 1]. It is easy to see that 
( v t)t£[i,oo) meets the requirement. □ 

Recall that the unique tracial state on 2 is denoted by u. 

Theorem 8.8. Let (a,u) be a strongly outer cocycle action of 71? on the Jiang-Su algebra 
2. If A w (u(£i, (,2)u(£,2, = 0, then (a,u) is equivalent to a genuine action. 

Proof. We can perturb «(•, •) by a T-valued coboundary and assume A w (u(g, /i)) — for 
any g,h G Z 2 (see Remark 18.91 below). Let Z C Z, Bq, B\ and -B be as in the proof of 
Lemma EU We denote the unique trace on Z®B by r. By Theorem [821 f° r each j = 0, 1, 
(a <8> id, u ® 1) on J? <g> £>.,■ is equivalent to a genuine action. Thus there exists a family of 
unitaries (^j, 9 ) 9 ez 2 in 2 <g) -By such that 

u(g, h) ® 1 = (a g (g) \6){w* !h )w* jig Wj >gh 

for all g, /i G Z 2 . In Proposition I8.5| it is easy to modify the unitaries a, 6 so that A r (a) = 
A T (6) = 0. In the proof of Theorem 18.61 one can choose the unitary v so that A T (v) = 0. 
Therefore we may assume A T (wj„) = for every j £ Z 2 . Define a Z 2 -action /3 : Z 2 r> 
Z B by f3 g = Adwo,g (ap <8> id). Clearly {wi,gWQ^ g ) g& j2 is a /3-cocycle in J? 7?. It 
follows from the lemma above that there exists a continuous family of unitaries (i't)tg[o,i) 
in Z (g> B such that vt/3 g (v^) — > wi :g u>Q g as £ — > 1 for all g £ 1? . We may further assume 
«0 = 1. Define tu 9 G 17(Z) C 17(2:) 'by ' 



iS fl (t) 



v t (3 g (v* t )w ,g t€[0,l) 
^w 1>g t = l. 

It is straightforward to check 

u(g, h)®l = (a g ® \d){wl)w* g w gh 

for all g, h G Z 2 , which means that (a ® id, « g) 1) on 2® 2 (and hence on 2^)2) is 
equivalent to a genuine action. By Remark 14.111 (a, u) on 2 is equivalent to (a® id, u® 1) 
on Z (g> 2, and so the proof is completed. □ 
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Remark 8.9. By [3H Proposition 3.2], the hypothesis A u (u(£i, £l)*) = in 

the theorem above is equivalent to triviality of the cohomology class of [A aj (u(-, •))] in 
H 2 (I?,T), where the range of A w is identified with T. 
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